The Exponential Logic

/ I

/ :
! CL C DL
! s
d

(A% B)® Ct CgD*

ABB

Aurore Alcolei
LACL, Créteil

Luc Pellissier
LACL, Créteil

of Sequentialization

ARB  Ct
(A®B)® Ct

(A% B)® ci)?yj

(JteC)® Dt

Alexis Saurin
IRIF, CNRS, Paris

TLLA 7t — July, 1%t 2023

1/12



MLL proofs and nets
MLL F=FQF|FX®F|A|At

Proof trees

Ax FIF FAFL

1 —_—— cut
FAA FT,A
FT,F,G FILF FA,G
FILF3G FILAF®G
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FAY A FBYB

FAt®BYAB
FAt@ Bt A®B FCtC
FAt®BY (ABB)® CH, C )—DJ-,D@
FA*®BY (A®B)® CH,C®D*,D




MLL proofs and nets
MLL F=FQF|FX®F|A|At

Proof structures
F Ft

I‘EEEIJ A+ B+ A B

-
; Yy o

G F G
\?) #J At©B- AXB ]

F®G F3G
(A®B)® C*

+ Confluence: if R |} R’ then R’ is unique (contrary to proof trees)

C® D+
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MLL proofs and nets
MLL F=FQF|FXF|A|At

Proof trees

FAYA FBYHB
FAt@BY A B
FAt®BY ARB FCt,C
FA*@B- (ARB)® CH, C FD{D@
FA*®B- (A®B)® CH, CoD*,D

Proof structures \L deseq

Ceo D+
(A®B)® C*

— A proof structure is a net if it is the desequentialisation of some proof tree.
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Retrieving some sequentiality: Jumps

FAY A +FBYB -
FAL A +BLYB

FAt® B A B
— n FAt® B AB FCtC FD+HD
FAt®BL AR B Fctc 3 ®
n n ® FAt@BYH AR B FCt coDt, D
FAt@BY (ABB)® CH, C FDY,D
&®

FAt®BY (A¥B)® CH, Co DD
FAY®@BY (ABB)® CH, Co D', D

[1991] Quantifiers in linear logic Il. Girard.
[2008] Proof nets sequentialisation in multiplicative linear logic. Di Giamberardino, Faggian.
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Retrieving some sequentiality: Jumps

C® Dt

(A% B)® C*

Y seq

FALA +FBLB

FAt® B A B

FAt®BY ABB FCL,C&‘

FAt®BY (ABB)® CH,C  FDY,D
FAt®@BY (ABB)® CH, Co D', D N

[1991] Quantifiers in linear logic Il. Girard.
[2008] Proof nets sequentialisation in multiplicative linear logic. Di Giamberardino, Faggian.



Roadmap: Encoding Jumps
K_m__\

A% B ct
LA - L J
ARB [ GE ¢ D — (A7 B) e Ct
! 1 1
(A¥B)®Ct C®D (A% B)® C)3)
Theorem
MLL.—st'ructures = MLL, — structures
with jumps
seql seq
P(MLLy)
dec

P(MLL)
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Key ldea: Encoding sequentiality

'S

T [ ]

J “oF
F®J JE R F

:
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. ax
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T, F FJ,Jt

FIMLF®J, 0t

—

seq .
o O
- T %
FIF 29 )+t

r r’

= r appears above r’ in any sequentialization
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Multiple Jumps

MLL, F,=A|F3F | FoF | FRIY | Fe)

Exponential rules for J

N LN
axiom, n>0 J Jt Jt ... It ! ctr, n>o0
JJ_
Encoding steps:

1) Replacing edges

er L[]

I e N

r o‘ I F F

L e 5%
or F F'
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Multiple Jumps

MLLy, F/=A|F3F | FeF | F3) Fe)

Exponential rules for J

N e
axiom, n>0 J Jt 3+ ... It ! ctr, n>0
JL
Encoding steps:

1) Replacing edges

2) Adding jumps
o m ]

re ° F Jt Jt ) F'

‘F LA L Fral
er (FoJ)mJ*- F’®J 3t

or'
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Multiple Jumps

Theorem
Without cuts,

MLL MLL,

deseq l deseq

MLL—structures

i Fuiiss — MLL, — structures
with ju

Encoding steps:
1) Replacing edges
2) Adding jumps

‘.I’ °
re ° F Jt JE ) 4
F \\\ F’ ~ >t F ol
er (FeJ)® 1+ F’®J gL

,
er
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Multiple Jumps
Theorem

Without cuts,

P(MLL) P(MLLy)

seq T seq

MLL—structures
with jumps e

MLL; — structures

Encoding steps:
1) Replacing edges
2) Adding jumps

e S
re ° F Jt ) F’
T LA > Fal
er (Fo ) B I+ F’®J 3t

or'



Dealing with cuts
Problems:
@ Retrieving symetries
F F*

‘e’

@ Propagating jumps

N \E.L \l

#

(FRNBIH(FFro B J*

e ... o _ e .-
SIS oSN o7 2227
NN~ T N T
! NS TS ST T s !
| NS TN T T Ny |
N~ NN ~ 7N

3 1 VAP S N < S SO 1

AP u/\A/\y‘ PN
- - <NV SNy v

g > AVE e J

L[] . [ ] ° . L]



Dealing with cuts
Problems:
@ Retrieving symetries

F FY 4 (FNBI(Freol)mJ*

‘e’

— different gadgets for positive and negative edges

@ Propagating jumps

o ... ° . e

SO ! ! Phs e ... o _® .-

N | | - NS oSS _ a7 S22 7

So v v l/ | \\\\:/\4\/\,\‘/\/\/‘/ A

Eo of I S SRT e RT3

P S o R 1 PSSR AN < SN 1

- LW.J ~ I S SN S I o

7 v v R ;if” M;‘i/ \ﬁ';k \\\\3;
[ ] .. L] ° [ )
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Dealing with cuts
Problems:
@ Retrieving symetries
F FY 4 (FNHBI-(Freol)mJ*-

‘e’

— different gadgets for positive and negative edges

@ Propagating jumps

e ... L4 [ .
S ! ! -7 o ... o . 2@
~ | | - SIS oSN o7 2227
~ - NS~ Y N
N g | N NI WA
Fe . | NS AT e T YT N |
- ~ N - NN ~ 7N\
-7 S — AN N TSN
- ~ AP \K/\,\’\N\ PN
- ~ v - A v - ~ vk =S v
W v v ~, .g/ pa Yo »’3.
[ ] [ ] [ [ )

Exponential dynamics
1

Nl J*+ i
‘\w) JL JL JL l JL JL JL
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J
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Gadget for Axioms

(A3
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Gadget for Positive and Negative links

w

J

(A eIB) )T ) o)
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Correctness

Theorem

MLL—structures
— ™ o MLL, — structures

with jumps
seqi seq
P(MLL) P(MLLy)

dec

There exists a bisimulation procedure so that the diagram is stable under
cut-elimination. )

— The encoding is linear in the number of links and jumps but cut elimination
may induce an exponential growth of the number of jumps.
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Correctness

Theorem

I =g e oo (MELL+Mix) — structures

with jumps
seql seq
P(MLL) P(MLL,)

dec

There exists a bisimulation procedure so that the diagram is stable under
cut-elimination. )

— The encoding is linear in the number of links and jumps but cut elimination
may induce an exponential growth of the number of jumps.
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Encoding MLL; in MELL + Mix

Encoding J
J =174, JE =14
Encoding J rules
4 N\
L 1
P A R NAE L AF
7A; 1A} 7A; AT
1A}
A,
17A; A} 2AS

v' Dynamics



The Exponential logic of sequentialization (Conclusion)

Theorem

G e R - (MELL+Mix) — structures

with jumps
squ/ seq
P(MLL) P(MLLy)

dec

There exists a bisimulation procedure so that the diagram is stable under
cut-elimination.

Conjectures
@ Easy extension of the encoding to other fragments of LL
o If dec(seq(enc(R))) = {m} then dec(seq(enc({ R))) = {=' | = | =’}
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